IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Decomposing the SWAP quantum gate

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2006 J. Phys. A: Math. Gen. 39 1463
(http://iopscience.iop.org/0305-4470/39/6/018)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.108
The article was downloaded on 03/06/2010 at 04:59

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/39/6
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 39 (2006) 1463-1467 doi:10.1088/0305-4470/39/6/018

Decomposing the SWAP quantum gate

Y Hardy and W-H Steeb

International School for Scientific Computing, University of Johannesburg, Auckland Park 2006,
South Africa

E-mail: yha@na.rau.ac.za

Received 6 October 2005, in final form 28 November 2005
Published 25 January 2006
Online at stacks.iop.org/JPhysA/39/1463

Abstract

Quantum gates are represented by unitary operators on a Hilbert space. We
consider the unitary operators on H ® C? and describe the component operators
on each Hilbert space in the product space. From these criteria we derive a
decomposition for a specific class of unitary operators such that each operator
in the product has Schmidt rank bounded by 2. This decomposition directly
yields the XOR (controlled NOT) implementation of the SWAP operation.

PACS numbers: 03.65.Db, 03.67.—a

1. Introduction

Quantum gates are represented by unitary operators on a Hilbert space [1-3]. For
completeness, we present the definitions of the Schmidt rank for states and operators below.
Let H4 and Hp be two finite dimensional Hilbert spaces with the underlying field C. Let
|Yr) denote a pure state in the Hilbert space H4 ® Hp.
The Schmidt number (also called the Schmidt rank) of |) € Ha ® Hp over Ha @ Hp is
the smallest non-negative integer Sch(|v), Ha, Hp) such that |) can be written as

Sch(|¥). Ha Hp)

W= Y, Wa®¥)s

j=1
where [;)4 € Hu and [{;)p € Hp. Consequently for
dimH 4 dimHp

W)= > > Uili)a® ks,

j=1 k=1
where the |j4) and |k4) form an orthonormal basis in their respective Hilbert spaces, we find
that

Sch(|y), Ha, Hp) = rank (/)

where () denotes the dimH 4 x dimH p matrix with entries ¥ .
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The Hilbert—Schmidt inner product of two linear operators A and B acting on the same
Hilbert space H is given by (A, B) := Tr(B*A), where Tr denotes the trace. Thus the linear
operators form a Hilbert space with the Hilbert—Schmidt inner product. Consequently the
definition of the Schmidt rank for pure states can also be applied to matrices (linear operators).

The Schmidt rank of a linear operator L : Hy @ Hp — Ha ® Hp over Hy @ Hp is the
smallest non-negative integer Sch(L, H4, Hp) such that L can be written as

Sch(L,H,Hz)
L= > Lija®Ljs
j=1
where Lj 4 : Hy — Ha and L p : Hp — Hp are linear operators.

Nielsen et al found that operators could be written in the operator-Schmidt decomposition

[5]:

Sch(L,H,Hg)

L= Y siLja®Ljs, s;j#0 j=1,2,...,Sch(L, Ha, Hp)
=1
(Lja,Lia)=(L;p,Lxp) =i, Jok=1,2,...,Sch(L, H4, Hp).

This decomposition yields more information about the operator L due to the orthogonality of
the operators L; 4 and L p.
For an orthonormal basis {|0), |1)} in C? we define the unitary operators:

Unor = [0)(1] + [1)(0]

Unor(1) := Unor ® I

Unor(2) := I, ® Unor

Ucenor(1, 2) :=10)(0| ® I> + [1){1| ® Unor

Ucnor(2, 1) := 1, ® |0)(0] + Unor ® [1)(1]

Uswap := 100)(00] + [10)(01] + |01) (10| + |11){11].
Of course, Uswap is composed of three Ucnor operations:

Uswap = Ucnor(2, ) Ucnor (1, 2)Ucnor (2, 1).
This is the XOR implementation of the SWAP operation. This type of decomposition is
useful in applications such as communication complexity where it is clear that information
must be communicated in both directions to achieve the SWAP operation, whereas the CNOT

operation only requires communication in one direction. Thus it would be useful to find a
decomposition that illustrates this structure.

2. Operators on H ® C?

Here we consider operators on H ® C?> where H is an arbitrary finite dimensional Hilbert
space with dimension n. Let U, be a unitary operator on H ® C2. We can write U, in the form
Uy = Q0 ®10)(0] + 01 ® [0){1] + Q> ® [1)(0] + O3 @ [1)(1]
where Qo, O, Q> and Q3 are linear operators in 7 (some of which may be the zero operator),
and {|0), |1)} is an orthonormal basis in C2. Next we determine the constraints on Qg, Q1, Q>
and Q3 from the condition U,U ; =U q* U, = I, ® I». Since U, is a unitary operator, we have
UgUy = (Q0Qp + 0107) @ 10)(0] + (Q0 Q5 + 0103) ® |0)(1]
+(0205 + 0303) ® [ 1)(1] + (0205 + 0307) @ [1)(0]
= In ® 12 = U;Uq
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I, denotes the n x n identity operator and 0,, denotes the n x n zero operator. Thus we find
the conditions on the operators Q;:

0000+ 0107 =1, 0500+ 050, =1,
0,05+ 0305 =1, 0701+ 0303=1, (D
0,00+ 0307 =0, Q700+ 030, =0,.

The operators Qo, Q1, Q> and Q3 can be written in polar form Q; = U; H;, where U;
is unitary and H; is positive semi-definite for j = 0, 1, 2, 3. Inserting the polar form into
equations (1) yields the set of equations

H} + H} = I,

HoH, = —H, Hy(U3Uy)* (U Up)

Hy = (U3 Uy) Hy(U3Up)* = (U Up) Hy (U Up)*
Hi = (U3 Uy) Hy(U3 Un)* = (U Ug) Hy (U7 Up)*.

We note that if Q; = 0, (H, = 0,) then Q, = 0,. Similarly @, = 0, implies @, = 0,
and Qp = 0, < Q3 = 0,.. In other words, when one of Q, Q1, Q, and Q3 is the zero
operator, the non-zero operators of Qp, Q1, Q> and Q3 are unitary. This result is independent
of the chosen basis {|0), |[1)}. Thus we find that the Schmidt rank of U, over H ® C? is either
1, 2 or 4. (This result was previously demonstrated by Diir et a/ [4] and Nielsen et al [5].)

3. Structure

To illustrate the structure further we suppose none of the operators Q; are unitary (Schmidt
rank 4 over H ® C?); in other words, the operators Qq, Q1, Q> and Q3 are linearly
independent. The operators Qp, Qi, Q> and Q3 span a four-dimensional vector space
which is isomorphic to the space spanned by {|0)(0[, |0)(1], |1){0[, |1){(1|}. The operators
{10){0[, 10) (1], |1)(0[, |1){1|} are linearly independent, with the matrix representations in the
standard basis {|0), |1)} of C?

106 o) (o) G )}

The vector space isomorphisms which do not violate the conditions (1) are as follows:

(1) Qo — 10)(0], Q1 — [1){0], Q> — [0)(1], Q35— [1)(1]
— Uswar

(2) Qo — )0, Q1 —[0){0], Q2 — [1){(1], Q35— |0)(1]
— Unor(1)Uswap

(3) Qo — 10)(1], Q1 — [1){1], Q2 — [0){0, Q35— [1)(0]
— Unor(2)Uswap

@) Qo — L)1}, Q1 — |0)(1], Q2 — [1){0, Q35— |0)(0]
— Unotr(1)Unot(2) Uswapr

(5) Qo — 10)(0], Q1 — [1){1], Q2 — [0)(1], Q35— [1){0]
— Ucnor (1, 2)Uswap

6) Qo — I1){0, Q1 — [0){1], Q2 — [1){1], Q3 — |0){0]
— Unor(1)Ucnor (1, 2) Uswap

(M) Qo — 10)(1], Q1 — [1){0], Q2 — [0)(0], Q35— [1)(1]
— Unor(2)Ucnor (1, 2) Uswap
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B) Qo — I1){1], Q1 — [0)(0], Q2 — [1){0, Q35— |0)(1]

—> Unor(1)Unor(2)Ucnor (1, 2) Uswap
9 Qo— 10){(0l, Q1 — [1){(0, Q2— [1)(1], Q3 — |0)(1]

— Ucnor (2, 1) Uswap
(10) Qo — 11)(0, Q1 — 10)(0], Q> — [0)(1], Q3 — [1)(1]

—> Unor(1)Ucnor (2, 1) Uswap
(11) Qo — (1], Q1 — [0)(1], Q2 — |0)(0], Q3 — [1)(O]

— Unor(2)Ucnor(2, 1) Uswap
(12) Qo — |0)(1], Q1 — [1)(1], Q2 — [1){0, Q3 — |0)(0].

— Unor(1)Unor(2)Ucnor (2, 1) Uswap.

The only non-local unitary operators are described in terms of Uswap or Ucnor. Diir
et al similarly found that 2 qubit operations could be classified in terms of equivalence classes
characterized by local unitary, Uswap and Ucnor operations [4]. This structure is apparent in
a restricted class of unitary operators described below.

4. Decomposing the SWAP gate

Now consider the restricted class of unitary operators with Q ; = U, I1; where U; is unitary and
I, is a projection operator for j = 0, 1, 2, 3. This is a special case of the polar decomposition
of Q;. Inserting these assumptions into equations (1) yields

Mo+, = I,

I, = (U U, (UsUR)* = (U Up) T (U5 Up)*

I3 = (U Ux)o(U3 U2)" = (UyUo)o(Uy Uo)*.
Consequently we also find

oIy = Mo(L, — Tp) = On.

Thus ITj and IT, decompose the Hilbert space H into two orthogonal subspaces. Additionally,
IT; and I3 also decompose H into two orthogonal subspaces and is equivalent to the
decomposition given by {ITg, I1»} under the unitary transformation U;'Uy (or U3 U,). This

allows us to decompose U, as a product of three operators each of Schmidt rank not greater
than 2:

Uy = Ul ® [0)(0] + U IT; @ |0)(1] + U>T1, @ [1)(0] + U3 ® [1)(1]

= UpIlp ® [0)(0] + UpT Ug Uy @ |0)(1] + UaIT> ® [1)(0] + U2 TToU5 Uz @ [1)(1]

= (Up ® 0){0] + U> @ [1) (1)) (TTp ® 1> + IT> ® Unor)

x (I, ® [0){0] + [TloU; Us + Ty Uy Ui 1 @ 1) (1]).

The operator TToU;Us + II,UgU; is obviously unitary. The decomposition has the
interpretation of an exchange of information (1 qubit) from the Hilbert space C? described by
the projection operators {|0)(0|, [1)(1]|} and the Hilbert space H described by the projection
operators {I1y, I1,}.

The operator Uswap has Uy = Us = L, U; = U, = Uyor, I[Ip = I1; = |0)(0] and
IT, = IT3 = |1)(1|. Consequently

Uswap = (12 ® [0){0] + Unor ® [1)(11)(10)(0] ® > +[1){1] ® Unor)
x (1 @ 0)(0[ + [10)(0]Unor + [1){1|Unor] ® [1){1])
= Ucnor(2, )Ucnor (1, 2)Ucnor (2, 1);

that is, we derived the XOR implementation of SWAP.
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